We present a foundation for a theory for ordered sets with a binary relation that need not be cotransitive.
Introduction
In [4] , we develop a theory that can be used to study sets with a cotransitive 1 binary relation, such as the real numbers and their subsets. But the theory falls short for the study of sets with no cotransitive binary relation. An example of such a set is Prop, which is defined in the next section. In what follows, we extend the theory presented in [4] , by dropping cotransitivity for transitivity. Also, we replace the negative definition of ≤ in [4] by a positive one. To differentiate between these two notions, we use the relation ≤ N for the negative sense and ≤ P for the positive sense. As we show with Corollary 6, these two notions coincide in the theory in [4] .
We did not address ordinals in [4] , so we go with the nice definition of an ordinal in [5] , which does away with the trichotomy condition that is usually imposed in classical mathematics. Although the development here is constructive, we wanted the notion of an ordinal to be not too foreign from the classical counterpart. For that purpose, we define the notion of weak well-foundedness and show that an ordinal is a generalized ordered set of a certain kind (Theorem 15), as it is the case in classical mathematics. For more on constructive mathematics, see [1, 2, 3] .
The lexicographic order on the cartesian product of ordered sets, as defined in [4] , has the peculiarity that it turns the product into an ordered set if the first component is discrete 2 . The surprise for generalized ordered sets is that we can forgo such restriction (Theorem 16). Another surprise is the notion of weak lexicographic order, which is almost the same as the lexicographic order (Theorem 25). We hope 1 A binary relation < on a set X is cotransitive if x < y implies, for all z ∈ X, either x < z or z < y. 2 A discrete set is defined in the third section.
we can some day arrive at a natural generalization of this order on a product of generalized ordered sets indexed by any ordinal.
Generalized Order
Let X be a set with a binary relation <. For x, y ∈ X, we write x ≤ P y if, for all z ∈ X, z < x implies z < y, and y < z implies x < z. A generalized ordered set is a set X with a binary relation < such that, for all x, y, z ∈ X,
• x < y implies y < x is false; (Asymmetry) • x < y < z implies x < z; (Transitivity) • x ≤ P y and y ≤ P x imply x = y. (Positive Antisymmetry) The dual of a generalized ordered set X is the generalized ordered set X d whose underlying set is X and binary relation is x < y in X d if and only if y < x in X.
The converse is obtained in a similar way. Lemma 2. Let X be a generalized ordered set:
(1) ≤ P is transitive;
(2) x < y implies x ≤ P y.
Proof. (1) Let x, y, z ∈ X. Suppose x ≤ P y ≤ P z. Let u ∈ X. If u < x, then u < y since x ≤ P y, so u < z since y ≤ P z. Similarly, z < u implies x < u. Therefore, x ≤ P z.
(2) If x < y, then, for all z ∈ X, z < x implies z < y and y < z implies x < z, by transitivity.
We write x ≤ N y for ¬y < x. Proof. For all z ∈ X, suppose z < x. Since < is cotransitive, either z < y or y < x. But y < x is false because x ≤ N y, so z < y. Similarly, y < z implies x < z. Hence, x ≤ P y.
Theorem 4. Let X be a set with a binary relation. The statement "if x ≤ N y implies x ≤ P y, then that binary relation is cotransitive" implies the law of excluded middle.
Proof. Let P be any proposition. Let X = {a, b, c} with exactly a < b, a < c if P , and c < b if ¬P . Suppose x ≤ N y. The only case worth mentioning is when x = a and y = b, so suppose a ≤ N b. The statement "for all z ∈ X, z < a implies z < b and b < z implies a < z" is true vacuously since both z < a and b < z are false. Hence, x ≤ P y, so the binary relation on X is cotransitive. Since a < b, either a < c, in which case P , or c < b, in which case ¬P .
Theorem 5. Let X be a set with an asymmetric binary relation. If x ≤ P y then x ≤ N y.
Proof. Suppose x ≤ P y. If y < x, then y < y, which is false by asymmetry.
Corollary 6. Let X be an ordered set as in [1] . Then x ≤ N y if and only if x ≤ P y.
Proof. By Theorems 3 and 5.
Theorem 7. An ordered set in [4] is a generalized ordered set.
Proof. Let X be an ordered set and x, y, z ∈ X. Suppose x < y < z. By cotransitivity, either y < x or x < z. But y < x is false by asymmetry, so x < z. Hence, transitivity holds. Suppose x ≤ P y and y ≤ P x. Then x ≤ N y and y ≤ N x, by Corollary 6, so x = y by negative antisymmetry. Hence, positive antisymmetry holds.
For generalized ordered sets X and Y , an embedding f of X into Y is a function from X to Y such that x < y if and only if f (x) < f (y). We call gOrd the category of generalized ordered sets with their embeddings, and we call Ord the category of ordered sets with their embeddings.
Theorem 8. Ord is a subcategory of gOrd. Note that X is a generalized ordered set, but its binary relation is not cotransitive. Also, let Prop be the collection of all propositions with equality defined as P = Q if P ⇐⇒ Q and with a binary relation defined as P < Q if ¬P ∧ Q. The proposition "True" is denoted by 1 and the proposition "False" by 0. Observe that 0 < 1.
Theorem 9. Prop is a generalized ordered set.
Proof. If P < Q, then ¬P ∧Q, and if Q < P , then ¬Q∧P . But ¬P ∧P is false. Hence, asymmetry holds. Note that P < Q < R implies P < R is vacuously true because P < Q < R is always false. Hence, transitivity holds.
Hence, positive antisymmetry holds.
Theorem 10. The statement "the binary relation on Prop is cotransitive" implies the law of excluded middle.
Proof. Let P be any proposition. Since 0 < 1, either 0 < P , in which case P , or P < 1, in which case ¬P .
Ordinals
As in [5] , we say an element x of a set X with a binary relation < is accessible if, for all x ′ < x, x ′ is accessible, and we say < is well founded if each x ∈ X is accessible.
Lemma 11. Let X be a set with a well-founded binary relation. Then, for all x ∈ X, x < x is false.
Proof. We proceed by induction on x. Suppose for all x ′ < x, x ′ < x ′ is false. We want to prove x < x is false, so suppose x < x. By the induction hypothesis, x < x is false.
Theorem 12. An ordinal as defined in [5] is a generalized ordered set.
Proof. Let X be an ordinal. The binary relation on X is transitive by definition. Positive antisymmetry follows from extensionality. For asymmetry, assume x < y and y < x. Then, by transitivity, x < x, which is false by Lemma 11.
An element x of a set X with a binary relation is weakly accessible if, for all x ′ ∈ X, ¬x < x ′ and ¬x = x ′ imply x ′ is accessible, and a binary relation on X is weakly well founded if each x ∈ X is weakly accessible. A set X with a binary relation is discrete if, for all x, x ′ ∈ X, x < x ′ ,
Lemma 13. Let X be a set with an asymmetric binary relation <. Then
(1) < is weakly well founded implies < is well founded;
(2) if, in addition, X is discrete, then < is well founded implies < is weakly well founded.
Hence, x is weakly accessible.
Theorem 14. Let X be a generalized ordered set. If the binary relation on X is weakly well founded, then X is an ordinal as in [5] .
Proof. Let X be a generalized ordered set with a weakly well founded binary relation. By Lemma 13(1), the binary relation on X is well founded. Hence, X is an ordinal.
Theorem 15. Let X be discrete. Then X is a generalized ordered set with a weakly well founded binary relation if and only if X is an ordinal as in [5] .
Proof. One direction follows from Theorem 14 and the other from Theorem 12 and Lemma 13(2).
Lexicographic Orders
For generalized ordered sets X and Y , the lexicographic order on the cartesian product X × Y is defined as in [4] : (x, y) < (x ′ , y ′ ) if x < x ′ , or x = x ′ and y < y ′ . In what follows, when we write x ≤ y, we mean x ≤ P y.
Theorem 16. There is a functor F : gOrd × gOrd → gOrd given by F (X, Y ) = X × Y , with the lexicographic order, and F (f, g) = (f, g).
Proof. It suffices to show the cartesian product of two generalized ordered sets with the lexicographic order is a generalized ordered set.
Suppose (x, y) < (x ′ , y ′ ). Then either x < x ′ , or x = x ′ and y < y ′ . If x < x ′ , then (x ′ , y ′ ) < (x, y) is false because the binary relation on X is asymmetric. If x = x ′ and y < y ′ , then (x ′ , y ′ ) < (x, y) is false because the binary relations on X and on Y are asymmetric.
Transitivity of the lexicographic order follows from the well-definedness and transitivity of the binary relation on X and the transitivity of the binary relation on Y .
For positive antisymmetry, suppose the following: for all (r, s) ,
.
For a nonnegative integer n, the lexicographic order on the cartesian product n i=0 X i , where each X i is a generalized ordered set, is (x 0 , . . . , x n ) < (y 0 , . . . , y n ) if there is k ∈ {0, . . . , n} such that x k < y k and, for all j < k, x j = y j .
Corollary 17. For each nonnegative integer n, there is a functor F : gOrd n → gOrd given by F (X 0 , . . . , X n ) = n i=0 X i , with the lexicographic order, and F (f 0 , . . . , f n ) = (f 0 , . . . , f n ).
Proof. The proof goes by induction on n and then follows from Theorem 16.
For an ordinal I as defined in [5] , let g be a function from I to the class of generalized ordered sets, each of which has a distinguished element, and we write X i for g (i) and write 0 X i for the distinguished element of X i . An example of such a g is the function that sends each i ∈ I to N. We write i,g X i to be the set of functions f from I to ∪ i X i such that f (i) ∈ X i . For instance, an element of i,g X i is the function that sends each i to 0 X i . If g is the constant function, say g (i) = X for all i, then i,g X is X I , the set of functions from I to X. If A ⊆ I, we write i∈A,g X i for the set of functions of i,g X i restricted to A, where g is restricted to A. The lexicographic order on i,g X i is f < g if there is k ∈ I such that f (k) < g (k) and, for all j < k, f (j) = g (j); in such case, we say k witnesses f < g. The equality on i,g X i is pointwise equality. For A ⊆ I, the lexicographic order on i∈A,g X i is defined in the obvious way.
A lower subset S of a generalized ordered set is a set such that s ′ ≤ s ∈ S implies s ′ ∈ S. For an ordinal I as defined in [5] , an initial segment of I is a lower subset of I.
Lemma 18. The union of two initial segments of an ordinal I is an initial segment of I.
Theorem 19. Let L be a collection of initial segments of I. If, for each finite subcollection {A 0 , . . . , A m } of L , i∈∪ m j=1 A j ,g X i is a generalized ordered set, then the binary relation on i∈∪L ,g X i is asymmetric and transitive. If, in addition, the binary relation on each X i is cotransitive, then the binary relation on i∈∪L ,g X i is positively antisymmetric.
Proof. For asymmetry, suppose f < g and g < f in i∈∪L ,g X i . Since k witnesses f < g, f (k) < g (k), and since k ′ witnesses g < f , g (k ′ ) < f (k ′ ). Since k is in some A ∈ L and k ′ in some A ′ ∈ L , it follows i∈A∪A ′ ,g X i is a generalized ordered set by supposition. Since k, k ′ ∈ A ∪ A ′ , it follows f < g and g < f in i∈A∪A ′ ,g X i , when f and g are restricted to A ∪ A ′ . But that is impossible since the binary relation on i∈A∪A ′ ,g X i is asymmetric.
For transitivity, suppose f < g < h in i∈∪L ,g X i . Then k witnesses f < g and r witnesses g < h, where k is in some A and r in some A ′ . Hence, f < h in i∈A∪A ′ ,g X i . Thus, f < g in i,g X i .
Now assume the binary relation on each X i is cotransitive. Let f, g ∈ i∈∪L ,g X i . Suppose for all h, h ′ ∈ i,g X i , h < f implies h < g, and h ′ < g implies h ′ < f . To show for all i ∈ ∪L , f (i) = g (i), we use induction on i. Suppose for all j < i, f (j) = g (j). If g (i) < f (i), then g < f , so g < g, which is false by asymmetry. Hence, ¬g (i) < f (i), so f (i) ≤ g (i) by Theorem 3. Similarly, ¬f (i) < g (i), so g (i) ≤ f (i). Hence, f (i) = g (i), by positive antisymmetry on X i . Corollary 20. The set N N with the lexicographic order is a generalized ordered set.
Proof. Let L be the collection {{0, . . . , n} : n ∈ N}. By Corollary 17, for each finite subcollection {A 0 , . . . , A m } of L , i∈∪ m j=1 A j N i is a generalized ordered set, where N i = N for each i. Since ∪ n∈N {0, . . . , n} = N, it follows N N is a generalized ordered set by Theorem 19.
For generalized ordered sets X and Y , the weak lexicographic order 3 on the cartesian product
Theorem 21. Let X be a set with a binary relation. The statement "for all x, x ′ ∈ X, ¬x = x ′ and x ≤ x ′ imply x < x ′ " implies the law of double negation.
Proof. Let P be any proposition. Let X = {a, b} with exactly a < b if P and a = b if ¬P . Suppose ¬¬P . Then ¬a = b. Note that a ≤ b, trivially. Hence, a < b. Therefore, P .
Lemma 22. Let X be a set with an asymmetric binary relation. If X is discrete, then, for all x, x ′ ∈ X, ¬x = x ′ and x ≤ x ′ imply x < x ′ .
Proof. Since x ≤ x ′ , it follows ¬x ′ < x, by Theorem 5. Hence, x < x ′ , since X is discrete.
Theorem 23. Let X be a discrete generalized ordered set and Y any generalized ordered set. Then X ×Y , with the weak lexicographic order, is a generalized ordered set. y) . Then x ≤ x ′ and x ′ ≤ x, so x = x ′ by positive antisymmetry. Hence, y < y ′ and y ′ < y, which is false by asymmetry.
Suppose (x, y) < w (x ′ , y ′ ) < w (x ′′ , y ′′ ). Note that x ≤ x ′′ by Lemma 2 (1) . Now suppose x = x ′′ . Since x ≤ x ′ , it follows x ′′ ≤ x ′ . Since (x ′ , y ′ ) < w (x ′′ , y ′′ ), it follows x ′ ≤ x ′′ . Hence, x ′ = x ′′ by positive antisymmetry, so x = x ′ = x ′′ . Thus y < y ′ < y ′′ , implying y < y ′′ . Finally, suppose ¬x = x ′′ . Since x ≤ x ′′ , it follows x < x ′′ by Lemma 22. Therefore, (x, y) < w (x ′′ , y ′′ ).
For all z ∈ X, if z < x, then (z, y ′ ) < w (x, y), so (z, y ′ ) < w (x ′ , y ′ ) by (1) . Note that ¬z = x ′ because z = x ′ implies y ′ < y ′ , which is false, so z < x ′ . Now, if x ′ < z, then (x ′ , y ′ ) < w (z, y), so (x, y) < w (z, y) by (1), implying x < z since ¬x = z. Hence, x ≤ x ′ . Similarly, x ′ ≤ x. Therefore, x = x ′ . For all z ∈ Y , if z < y, then (x, z) < w (x, y), so (x, z) < w (x ′ , y ′ ). Since x = x ′ , it follows z < y ′ . Now, if y ′ < z, then (x ′ , y ′ ) < w (x ′ , z), so (x, y) < w (x ′ , z), implying y < z since x = x ′ . Hence, y ≤ y ′ . Similarly, y ′ ≤ y. Therefore, y = y ′ .
Theorem 24. Let X be a discrete generalized ordered set and Y be any generalized ordered set. Then (x, y) < (x ′ , y ′ ) if and only if (x, y) < w (x ′ , y ′ ).
Proof. The forward direction is trivial. Now suppose (x, y) < w (x ′ , y ′ ). Since X is discrete, x < x ′ , x = x ′ , or x ′ < x. Note that x = x ′ implies y < y ′ . Also, observe that ¬x ′ < x since x ≤ x ′ implies ¬x ′ < x by Theorem 5. Hence, (x, y) < (x ′ , y ′ ).
Two generalized ordered sets are isomorphic if there is an onto embedding between them, and such embedding is called an isomorphism.
Theorem 25. Let X be a discrete generalized ordered set and Y be any generalized ordered set. Then (X × Y, <) ∼ = (X × Y, < w ).
Proof. The isomorphism is the identity function on X × Y . It is an embedding by Theorem 24.
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